Abstract. We bound the equisingularity type of the set of isolated separatrices of a holomorphic foliation F of (C 2 , 0) in terms of the Milnor number of F . This result gives a bound for the degree of an algebraic invariant curve C ⊂ P 2 C of a foliation G of P 2 C in terms of the degree of G, provided that all the branches of C are isolated separatrices.
Introduction
In this paper we bound the degree of any algebraic invariant curve C of a holomorphic singular foliation F of P 2 C in terms of the degree of F, under the assumption that C is an isolated separatrix at any singular point of F. Let us note that, in general, one cannot bound the degree of an algebraic invariant curve and hence it is not possible to give a direct answer to the Poincaré Problem [15] . To see this it is enough to consider the dicritical foliation pydx − qxdy = 0.
The isolated separatrices are those that are not "inside" a dicritical component after a minimal reduction of the singularities of F (see [5] ). To bound their degree has consequences in counting the algebraic cycles of a real vector field in the frame of the 16th Hilbert Problem: the cycles will be of two types, the ones corresponding to isolated separatrices (we could bound the number of these cycles) and the ones corresponding to non-isolated separatrices. These last ones will produce a kind of Poincaré map in the corresponding dicritical component of the minimal reduction of F, that could be useful to control their number. We also think that this work will shed light on the comprehension of the structure of pencils of curves (rational first integrals) and, more generally, logarithmic foliations in terms of the isolated separatrices.
We proceed by a local method. First, we bound the number of isolated branches, the multiplicities and the length of the reduction of singularities of the isolated separatrices in terms of the Milnor number. Second, we recover the arguments in [8] and in [3] to get a bound for the degree.
Local invariants and blowing-ups
Let M be an analytic complex manifold of dimension two and let F be a singular holomorphic foliation on M . Given a point p ∈ M , we denote by ν p (F) the algebraic multiplicity of F at p and by µ p (F) the Milnor number of F at p. Consider the blowing-up
1 (p), and let F 1 be the strict transform of F by π 1 . We say that π 1 is a non-dicritical blowing-up if E 1 is an invariant curve for F 1 , otherwise π 1 is a dicritical blowing-up. Then we have that (see [13] )
Assume that F is defined by the vector field X in a neighbourhood of p and let B be an irreducible curve at p which is invariant by F. The Gómez-Mont-SeadeVerjovsky index Z p (F, B) was introduced in [11] ; when B is a smooth curve, the index Z p (F, B) is just the order at p of the restriction of X to B. Moreover, its behavior under blowing-up is given by the following formula:
(see [3, 4] ), where B 1 is the strict transform of B by π 1 , we put p 1 = B 1 ∩ E 1 and ν p (B) is the multiplicity of B at p. The index Z p (F, B) has also a sense for a curve with several branches, by the formula
Finally, in the case of a compact curve C, the sum Z(F, C) of the local indices at the singular points of the foliation has many global interpretations as indicated, for instance, in [3, 4, 11] . The most interesting for us in this paper is
(see [3] , Prop. 4, or [4] , Chap. 2, Prop. 3) where k, d are the respective degrees of C, F and the ambient space is the projective plane P 2 C . Assume now that B is a smooth curve at p which is not invariant by F. Consider local coordinates (x, y) at p such that B = (y = 0) and X = a(x, y)∂/∂x + b(x, y)∂/∂y. The order of tangency of F with B at p is given by η p (F, B) = ord x (b(x, 0)) (see [5] ). With the same notation as above, we have that
Moreover, if the blowing-up π 1 of p is dicritical, we obtain that ( [5] )
Equisingularity types of the isolated separatrices
Consider a singular foliation F of (C 2 , 0) and a normal crossing divisor D in (C 2 , 0). We denote by Sing(F, D) the adapted singular locus, i.e., the singular points of F and the points where F and D do not have normal crossings. We say that a point p ∈ Sing(F, D) is simple adapted to D if p is a simple singularity of F, the divisor D = ∅ and all the components of D through p are non-dicritical ones. The minimal reduction of singularities [16] of the pair (F, D) is the morphism
a composition of the minimal number of blowing-ups of points such that any singularity of Sing(F , E) is simple adapted to E, where F is the strict transform of F by π and E = π −1 (D ∪ {0}) (see [6, 7] ). We say that an irreducible separatrix B of F is an isolated separatrix of (F, D) if the strict transform B of B by π cuts the exceptional divisor [5] ). In the case D = ∅, we say just isolated separatrix of F. Remark 1. In [3] , Brunella introduces the concept of non-dicritical separatrices, that is, separatrices whose reduction of singularities does not meet a dicritical component. This concept is different from the one of isolated separatrices as the following example shows. Take the (logarithmic) foliation defined locally by
It is a foliation of multiplicity 4 with exactly three isolated separatrices which are three (2, 3)-cusps having different tangent lines. The first blowing-up is dicritical, hence the irreducible non-dicritical separatrices are exactly the (infinitely many) non-singular ones.
Theorem 2. Let F be a singular foliation of (C 2 , 0) and S the curve union of the isolated separatrices. Then µ 0 (F) + 1 is a common upper bound for r 0 (S) and n 0 (S), where r 0 (S) is the number of irreducible components of S and n 0 (S) the minimal number of blowing-ups needed to desingularize S.
In the proof of this theorem it is useful to consider the situation relative to a normal crossings divisor D. Thus, take a pair (F, D) in (C 2 , 0) and consider the curve S given by the union of the isolated separatrices of (F, D). Denote by n 0 (F, D) the minimal number of blowing-ups we need to desingularize (F, D) and n 0 (S, D) the minimal number of blowing-ups to desingularize (S, D) (that is, to get normal crossings between S and the total transform of D). Note that
We shall prove that
and the theorem follows taking D = ∅. Let us first prove it under the assumption ν 0 (F) = 1.
dy be a 1-form which defines F and denote by λ 1 , λ 2 the eigenvalues of the vector field X = b∂/∂x − a∂/∂y. We have several possibilities:
Simple case: we have either λ 1 · λ 2 = 0 and λ 1 /λ 2 ∈ Q ≥0 or λ 1 = 0 and λ 2 = 0. Then the origin is a simple singularity and F has at most two isolated separatrices which are non-singular and transversal. We have r 0 (S) ≤ 2 and n 0 (S, D) = 1.
Resonant case:
Nilpotent case: λ 1 = λ 2 = 0. The linear part of ω is equal to ydy. It is known [17, 12] that ω has a normal form of the type Let us proceed by induction on µ, assume that µ ≥ 2 and also ν ≥ 2. Consider let Q 1 , . . . , Q t be the points in Sing(F 1 , D ) . Note that t ≤ ν − 1 if π 1 is dicritical and t ≤ ν + 1 otherwise. Let S i be the curve of isolated separatrices of the pair (F 1 , D ) at Q i , for i = 1, . . . , t. Observe that
We consider all the situations according to the number of components of D as we have done above.
Assume first that D = ∅. If π 1 is a dicritical blowing-up, by formula (2), we have that µ Q i (F 1 ) < µ for each i = 1, . . . , t. Applying the induction hypothesis and equalities (2) and (9), we obtain that n 0 (S, D) and r 0 (S) are bounded by
Assume now that π 1 is a non-dicritical blowing-up. Since ν ≥ 2, by equation (1), we get that µ Q i (F 1 ) < µ. By the induction hypothesis and formula (1), we get that n 0 (S, D) and r 0 (S) are bounded by
Thus the result holds when −ν 2 + 2ν + 3 ≤ 1, or equivalently, if ν > 2. Consider now the case ν = 2, this implies µ ≥ 4 and t ≤ 3. If t = 3, then at each point Q i the vector field defining F 1 has a non-zero eigenvalue (see [13] , p. 515). Thus ν Q i (F 1 ) = 1 and each singularity Q i is either simple or resonant. By the study done for multiplicity one, we have that r Q i (S i ) ≤ 1 and n Q i (S i , D ) = 0 and then r 0 (S) ≤ 3 and n 0 (S, D) = 1. If t = 2, one of the points in Sing(F 1 , E 1 ), say Q 1 , has a non-zero eigenvalue and then r Q 1 (S 1 ) ≤ 1 and n Q 1 (S 1 , D ) = 0. At the other singular point Q 2 , by equation (1), we have that µ Q 2 (F 1 ) < µ − 1, then applying the induction hypothesis we have that r
The last possibility is t = 1 and by (1), the only singular point Q 1 of F 1 in E 1 has µ Q 1 (F 1 ) = µ − 1, we can apply the induction hypothesis at Q 1 and we deduce the result.
With arguments similar to the ones above we prove the result for the other cases (2), (8) and (9) gives that n 0 (S, D) and r 0 (S) are bounded by
When π 1 is a non-dicritical blowing-up and ν ≥ 2, from the induction hypothesis and equations (1) and (7), we get the bound Proof. By Theorem 2, the number r 0 (S) of isolated separatrices of F and the minimal number n 0 (S) of blowing-ups to desingularize the curve S are bounded by µ+1. Then there exists a finite number of possible configurations for the weighted dual graph G(S) of the minimal reduction of singularities of S. Each of these graphs determines one equisingularity type for the curve S.
Proposition 5. There is a function
Proof. Consider the minimal reduction of singularities of S,
Denote by F i , S i the strict transforms by
and take q any point in S n ∩ E n . Since S n is a nonsingular curve at q, we have that
Using the formulas in Section 2 and the fact that ν p i (F i ) ≤ ν 0 (F) + 1 for each p i ∈ E i (see [7] ), we obtain that the Milnor number µ q (F n ) is bounded by µ 0 (F) plus a constant which depends on the equisingularity type of S at 0. By Corollary 4, we have only a finite number of possible equisingularity types for S and hence for the multiplicities ν p i (S i ), depending on µ. Then, the index Z 0 (F, S) can be calculated by blowing-down using the formulas (3), (4) and it can only take a finite number of values.
Remark 6. Following referee's comments, one can get a lower bound for the local indices just invoking the fact that they bound the "virtual local Euler characteristic". In fact, this last invariant depends only on the equisingularity type.
Remark 7. In Brunella's argument to bound the degree of a non-dicritical separatrix B it is used that the indices Z p (F, B) are non-negative. One could ask if this result is still true for the case of isolated separatrices (referee's question). Actually, this is not true, since for the example in Remark 1, we have Z p (F, S) = −6, where S is the union of the three isolated separatrices.
The degree of an isolated invariant curve
Let F be a foliation of P 2 C and let C be an invariant curve of F. We say that C is an isolated invariant curve of F if at each singularity p ∈ P 2 C of F, the germ of C at p is a union of isolated separatrices of F. 
We get that G(d)
= d + 2 + K g (d) ≥ k.
